We discuss the tachyon condensation in a single unstable D-brane in the framework of boundary state formulation. The boundary state in the background of the tachyon condensation and the NS B-field is explicitly constructed. We show in both commutative theory and noncommutative theory that the unstable D-branes behaves like an extended object and eventually reduces to the lower dimensional D-branes as the system approaches the infrared fixed point. We clarify the relationship between the commutative field theoretical description of the tachyon condensation and the noncommutative one.
I. INTRODUCTION
The fate of the unstable D-branes due to the tachyon condensation has been one of centers of interest in string theory since the seminal papers by Sen [1] , where he conjectured that the unstable D-branes may behave like solitons corresponding to lower dimensional D-branes. Since the tachyon condensation is an off-shell phenomenon, we need to resort to the second quantized string theory in order to understand this noble phenomenon. There are two approaches available to this subject; the Witten's open string field theory [2] with the level truncation [3, 4] and the boundary string field theory (BSFT) [5, 6] . As the tachyon condensation occurs the open string field acquires an expectation value. In general it is quite difficult to solve the string field equation which involves an infinite number of components.
One may solve the string field equation by truncating the string field to the first few string levels. This has been a useful practical tool to discuss the tachyon condensation. Many aspects of the tachyon condensation physics [7] were explored by this method. However, this method provides numerical results in most cases and sometimes yields qualitative ones only.
The second approach, which is based on the background independent string field theory [5] , has been developed recently [6] as an alternative tool to the string field theory with level truncation. It deals with the disk partition function of the open string theory, where the boundary of the disk is defined by the trace of the two ends of the open string. The configuration space for the BSFT is the space of two dimensional world-sheet theories on the disk with arbitrary boundary interactions. Endowing it with the antibracket structure in terms of the world-sheet path integral on the disk and the BRST operator, one can define S, the action of the target space theory. The relationship between the BSFT action, S and the disk partition function Z is clarified in ref. [6] as
where g i are the couplings of the boundary interactions and β i are the corresponding worldsheet β-functions. Choosing the tachyon profile, T (X), as for the boundary interaction, one can obtain the effective action for tachyon field [8] . Evaluation of the effective action may be simplified considerably if we introduce a large NS B-field [9] [10] [11] [12] [13] [14] . Recent works also show that S may coincide with Z if we introduce supersymmetry to describe the D-D system [15] [16] [17] . The disk partition function Z for the D-D system has been explicitly evaluated in recent papers [15, 18] .
In this paper we discuss the tachyon condensation in the simplest setting, i.e., a single unstable D-brane in the bosonic string theory, adopting the boundary state formulation, which developed by Callan, Lovelace, Nappi and Yost [20] sometime ago. The advantage of this approach is that one can explicitly construct the quantum states corresponding to the unstable D-brane systems. Hence, the couplings of the system to the various string states are readily obtained so it helps us to understand how the system evolves as the condensation occurs. This approach is closely related to the second one, the BSFT in that the normalization factor of the boundary state is simply the disk partition function Z. Since the constructed boundary state is given as a quantum state of the closed string field, it may also help us to understand its relationship to the first approach based on the open string field theory, if we appropriately utilize the open-closed string duality. We extend the boundary state formulation to the case of the noncommutative open string theory in order to discuss the noncommutative tachyon in the same framework. The relationship of the commutative theory and the noncommutative theory on the tachyon condensation can be understood in this framework along the line of the equivalence between the commutative theory and the noncommutative theory of open string [21, 22] .
II. BOUNDARY ACTION AND BOUNDARY STATE
We begin with the boundary state construction developed in ref. [20] We define the boundary state |X by the following eigenvalue equation in the closed string theoryX
SinceX µ and X µ are defined on ∂M, the boundary of the disk, we may expand them as
(3a)
where σ ∈ [0, π], µ = 0, . . . , d − 1, and
They satisfy the following commutation relationship
Hence the eigenvalue equation can be rewritten in terms of the left movers and the right movers asx
This eigenvalue equations determine the boundary state |X = |x,x up to a normalization
where a n |0 =ã n |0 = 0. Requiring the completeness relation
we may fix the normalization factor
where the space-time indices are suppressed and the contraction with the metric g µν is implied.
We will make use of the set of the boundary states, {|x,x } as a basis to construct various boundary states, which correspond to the disk diagrams with nontrivial backgrounds: For a given boundary action S ∂M , the boundary state is defined as
Here S ∂M [x,x] is the boundary action evaluated with the boundary condition
The requirement of the completeness relation Eq. (7) and the definition of the boundary state, Eq.(9) are consistent with the closed string field theory. The boundary state in fact defines a quantum state of the closed string field. For a free string, S ∂M = 0,
which satisfies the boundary condition
This boundary condition, of course, nothing but the Neumann boundary condition, 
It follows that the boundary state corresponding to a flat D-p-brane is given as
where i = 0, . . . , p, a = p + 1, . 
whereτ is a proper-time parameter along ∂M
In the closed string world-sheet coordinates the boundary interaction reads as
The boundary interaction Eq. (15) yields the boundary condition for the open string as
In the closed string world-sheet coordinates we get the boundary condition as
We may transcribe it into the boundary condition to be imposed on the boundary state a n |B F = (g + 2πα
making use of the closed string mode expansion ofX µ (τ, σ)
With the given boundary condition Eq. (10) , the boundary action is evaluated as
Then a simple algebra Eq.(9) leads us to the boundary state |B F
which satisfies the desired boundary condition Eq. (20) . It should be noted that the normalization factor of the boundary state is the well-known Dirac-Born-Infeld Lagrangian
where we make use ζ(0) = n=1 1 = −/2. It can be also obtained by evaluating the Polyakov string path integral on a disk [24] .
The relationship between the boundary action and the boundary state observed in the case of the U(1) background can be established in more general cases. In order to see this explicitly let us introduce a boundary action of more general form as
is a differential/integral operator in σ. From this action we get a bulk equation on M as usual
and a boundary condition to be imposed on ∂M
Making use of the mode expansion ofX µ , Eq. (21), we may transcribe the boundary condition into operator equations acting on the boundary state as
From the action we see that
which ensures consistency of our construction.
Given the boundary conditions Eq. (28) one can determine the boundary state, but only up to a normalization factor. Since the normalization factor is also often important, we should find a way to fix it. To this end one may calculate couplings of the system to the closed string degrees of freedom. Interpreting them as linear variations of the effective action, which is supposed to be obtained as the disk partition function, one may fix the normalization factor. This procedure has been applied to the open string in the constant U(1) background in ref. [25] . However, it would be involved in more general cases. Here, in order to fix the normalization factor we simply take Eq. (9) as the definition of the boundary state. With the given boundary condition Eq.(10) we find that the boundary action
is obtained as
Then a Gaussian integral of Eq.(9) brings us to an explicit expression of the boundary state
Here, Z Disk is the disk partition function with the boundary action S ∂M . It is easy to see that the boundary state |B readily satisfies the desired boundary condition, Eq(28).
Eq.(31) exhibits clearly the relationships between the normalization factor, the disk partition function and the boundary condition in the framework of boundary state formulation.
III. TACHYON CONDENSATION AND BOUNDARY STATE
Being equipped with the boundary state formulation given in the previous section, we construct the boundary state in the background of the tachyon condensation and discuss some important physical properties of the unstable D-brane systems. The tachyon condensation introduces the following boundary interaction in the closed string world-sheet coordinates
In order to construct the boundary state explicitly for the string in the tachyon background we consider a simple tachyon profile, T (X) = u µν X µ X ν . In terms of the normal modes S T is written as
With this boundary action we construct the boundary state, following Eq. (9),
where we suppress the space-time indices. It is easy to confirm that this boundary state satisfies the appropriate boundary condition
We note that the normalization factor Z Disk coincides with the disk amplitude for the open string in the background of tachyon condensation as expected. Now let us introduce the U(1) background with a constant F in addition to S T , i.e., the boundary action S ∂M is given as
which corresponds to the case where
Accordingly the boundary state is constructed to be
.
The boundary state |B F +T satisfies the following boundary condition
When F is skew-diagonal with F 2µ−1,2µ = f µ , u is diagonal, u µν = u µ δ µν , g µν = δ µν , and 2πα ′ = 1, the normalization factor reduces to [26] 
If we are concerned the unstable Dp-brane in d dimensions,
where i, j = 0, . . . , p and a, b = p + 1, . . . , d − 1, thus,
In Eq.(41) g, u and F are (p + 1) × (p + 1) matrices.
Here one can make a simple observation on the effect of the tachyon condensation on the boundary state wavefunction. In order to see it we may leave the integration over x,
Then we find
It implies that the spatial dimension of the system is order of 1/ √ det u if we use a closed string as a probe. The unstable D-brane may behave like a soliton in the lower dimensions and it becomes sharply localized as the system approaches the infrared fixed point, u → ∞.
One may be concerned about its behaviour at the infrared fixed point since the boundary state may become singular as the system is sharply localized. In order to examine the behaviour of a Dp-brane near the infrared fixed point, let us suppose that tachyon condensation takes place only in one direction, i.e., u ij = u ip = u pi = 0, i, j = 0, . . . , p − 1. Then as
where [A] m×m denotes a m × m matrix and the zeta function regularization is used [18] 
This is precisely the disk partition function for a (p − 1) dimensional D-brane in the U (1) background. Note also it gives us the correct relationship between the tension of a Dp-brane and that of a D(p − 1)-brane
Accordingly as u → ∞, This phenomenon is also observed in the D-D system [15, 18, 19] .
Since the boundary state in the background of the tachyon condensation is explicitly constructed, the couplings to the closed string states are readily obtained. The massless closed string states are given in the bosonic string theory as
where µ, ν = 0, . . . , d − 1. Here e µν is chosen as
for the graviton,
for the dilaton, and
for the Kalb-Ramond field. (It may be more appropriate to discuss the couplings to the closed string states in the super-string theory. But the general features of the couplings in the tachyon background discussed here remain unchanged.) The coupling of the boundary state to the massless closed string state is given as
ab Z where i = 0, 1, . . . , p and a = p + 1, . . . , d − 1. Here the boundary state |B is given by Eq.(41). Let us suppose that u pp = u → ∞, then
where i ′ , j ′ = 0, 1, . . . , p − 1, and a ′ , b ′ = p, . . . , d − 1. This is exactly the coupling of the boundary state in lower dimensions to a massless closed string state. At a glance one can realize that the couplings of the massive closed string states also turn into the couplings to the lower dimensional D-brane as the system reaches the infrared fixed point. Thus, if we use a closed string as a probe, the unstable D-brane looks identical with the lower dimensional D-brane at the infrared fixed point.
IV. TACHYON CONDENSATION AND NONCOMMUTATIVE SOLITONS
In recent papers [9] [10] [11] [12] [13] [14] it has been pointed out that the tachyon condensation may be greatly simplified if one introduces a large NS B-field on the world-sheet. Some properties of the unstable systems, such as the tachyon potential and the D-brane tension, can be calculated exactly. Here in this section we will discuss the noncommutative tachyon in the same framework of the boundary state formulation. We may recall that in the canonical quantization [22] one can establish the equivalence between the noncommutative open string theory with the commutative one in the presence of the NS B-field background. Along this line we can establish the relationship between the noncommutative tachyon theory and the commutative one.
The bosonic part of the classical action for an open string ending on a Dp-brane with a NS B-field is given by
where µ, ν = 0, 1, . . . , d−1 and i, j = 0, 1, . . . , p. Let us consider the commutative description first. With a constant B the second term yields the boundary action
As we transform the open string world-sheet coordinates to the closed string world-sheet coordinates, the boundary action turns into
which is of the same form as the constant U(1) background discussed in the previous section.
Hence, we get the corresponding boundary state in the background of tachyon condensation by replacing F with B in Eq.(41)
where i, j = 0, . . . , p and a, b = p + 1, . . . , d − 1. Since we are interested to compare the commutative description with the noncommutative one, we consider the case where Dpbrane → D(p − 2)-brane. In this case we take
for i, j = 0, . . . , p − 2 and the boundary state describes the D(p − 2)-brane
where 
where (Y 
We find that the open string action is written in this representation as
where Y µ is the commutative open string variable
The boundary interaction for tachyon condensation for the open string may be written
The end points of open string are given in the noncommutative theory as
They differ from those in the commutative theory by the zero mode of the momentum and do not commute with each other
On the boundary ∂M if we adopt the proper-timeτ Eq. (16) instead of τ as the worldsheet time coordinate, the string variables are written on ∂M as
Thus, we may write the boundary interaction of the tachyon condensation as
It can be read in the closed string world-sheet coordinates as
where Y i is the usual closed string variable which can be expanded on ∂M as
When we transcribe the open string representation into the closed string representation we keep noncommutative zero mode part unchanged, i.e., we treat ζ as noncommutative operators. For the sake of simplicity we only consider hereafter the case where Dp-brane → D(p − 2)-brane. Extension to the more general cases is straightforward. So we take B ij = u ij = 0 for i, j = 0, p − 2 and B ij = 0, u ij = 0 for i, j = p − 1, p. It is convenient to introduce 'creation' and 'annihilation' operators as
We can introduce the creation and annihilation operators similarly also for higher Dp-branes as we cast (θ) into the standard skew-diagonal form,
The excitations in the zero mode can be easily described as we introduce a complete set of the number eigenstates
Thus, the quantum state on ∂M, can be specified by |n N C ⊗ |Y , wherê
We may expandŶ i on ∂M aŝ
where
Since the action for the higher modes are identical to that in the absence of the NS B-field except for the space-time metric g being replaced by the open string metric G, we find that the boundary action in the closed string representation is given in the noncommutative theory as
From the analysis of the noncommutative open string theory, we may define the boundary state in the noncommutative theory as
where G s is the string coupling constant in the noncommutative theory. The integration measure D[y,ȳ] does not take the zero modes into account and the integration over the zero modes is taken care of by det(2πθ) tr. By a simple algebra we find
where i, j = 0, . . . , p − 2, k, l = p − 1, p and a, b = p + 1, . . . , d − 1. Let us take the large B-field limit where
with g kept fixed, or equivalently the decoupling limit, where
while G, θ are kept fixed. Note that in this limit
and the effect of the tachyon condensation on the higher modes of Y i are suppressed. Thus, in the large B-field limit, we have
Now let us suppose that the system reaches the infrared fixed point where u → ∞,
It implies that the unstable D-brane behaves like a noncommutative soliton [27] and the most symmetric one |0 N C 0| N C is singled out at the infrared fixed point. Thus, at the infrared fixed point, we find
We may recall the relationship between the string coupling in the commutative theory and that in the noncommutative one [21, 22 ]
which implies in the large B-field limit
Then it follows from Eq.(80) that
Since it can be identified with
we obtain the relationship between the tension of Dp-brane and that of D(p − 2)-brane
In the noncommutative theory the unstable D-brane is described by the noncommutative soliton, which corresponds to
In the large B-field limit, the soliton becomes sharply localized but its contribution to the partition function is finite in contrast to the commutative case. So the cancellation observed in the commutative theory is no longer needed. In fact the contributions from the higher modes to the partition function are rather trivial in the noncommutative theory. It should be noted that if we reverse the limit procedure, i.e., take the limit, u → ∞ first then the large B-field limit later, we cannot get the correct result. Now let us call our attention to the quantum state of the system |B T , which has never been discussed explicitly in the literature. If we take the large B-field limit first, the boundary state reduces to If we define the background metric E as
equivalently,
the string action with the NS B-field may be written in the closed string world-sheet coordinates as
Here we are concerned with the action only for the string variables in the directions of p − 1, p. If we apply the open-closed string duality to Eq. (63), we obtain the string action in the noncommutative theory as
Comparing the string action in the commutative theory Eq. (92) with that in the noncommutative theory Eq.(93), we find that two actions are related by the well-known T-dual transformation [28] 
where a, b, c and d satisfy the following O(2, 2, R) condition
Under the T-dual transformation the left and right movers transform as
Choosing E ′ = G, we find the T-dual transformation [29] , which connects the left movers and the right movers in the commutative theory Eq.(92) and those in the noncommutative theory Eq.(93) 
Note that
Using Eq.(99) and Eq.(80) in the large B-field limit, we obtain
Therefore, the boundary state turns out to satisfy the the correct Dirichlet boundary condition along the directions of p − 1, p
where i, j = 0, . . . , p − 2 and a, b = p − 1, . . . , d − 1. In the noncommutative theory the boundary state also describes the D(p − 2)-brane as desired. One can reach the same conclusion also by taking the Seiberg-Witten limit Eq.(79). One may attempt to get the same result in the commutative theory, by taking the large B-field limit first. As one may expect,
where i, j = 0, . . . , p − 2 and a, b = p − 1, . . . , d − 1. However, in this limit Z Disk does not yield the correct tension of the D-brane. Hence, this procedure only works for the noncommutative theory. In order to get a consistent description of tachyon condensation in the noncommutative theory, we should take the large B-field limit prior to the infrared fixed point limit. It is also consistent with the work of Gopakumar, Minwalla and Strominger [27] .
V. DISCUSSIONS AND CONCLUSIONS
In this paper we discussed the tachyon condensation, which is one of the noble phenomena in string theory, in the simplest setting, i.e., in a single D-brane system in the bosonic string theory, using the boundary state formulation. We do not need to deal with the non-Abelian supersymmetric formulation to understand the tachyon condensation in this simplest system unlike in the D-D-brane system. For the purpose of applying the boundary state formulation to the system with boundary actions of general form, we improved the boundary state formulation of ref. [20] . We show that in general the normalization factor We may take a step forward in the noncommutative theory by introducing the U (1) background in addition to the NS B-field background. The extension along this direction is important in connection with the confinement in D-D system [31] and the matrix model description of the tachyon condensation [32] . It may be also fruitful to extend the present work along other directions, such as the quantum corrections at the one loop level to the tachyon condensation [33] and the tachyon condensation on noncommutative tori [34] , which have been discussed recently in the literature. Hyun for useful discussions.
